We report on the group delay observed in continuous-wave terahertz spectroscopy based on photomixing with phase-sensitive homodyne detection. We discuss the different contributions of the experimental setup to the phase difference ∆ϕ(ν) between transmitter arm and receiver arm. A simple model based on three contributions yields a quantitative description of the overall behavior of ∆ϕ(ν). Firstly, the optical path-length difference gives rise to a term linear in frequency ν. Secondly, the ultra-wideband log-spiral antennae effectively radiate and receive in a frequency-dependent active region, which in the most simple model is an annular area with a circumference equal to the wavelength. The corresponding term changes by roughly 6π between 100 GHz and 1 THz. The third contribution stems from the photomixer impedance. In contrast, the derivative ∂∆ϕ/∂ν is dominated by the contribution of periodic modulations of ∆ϕ(ν) caused by standing waves, e.g., in the photomixers' Si lenses. Furthermore, we discuss the Fourier-transformed spectra, which are equivalent to the waveform in a time-domain experiment. In the time domain, the group delay introduced by the log-spiral antennae gives rise to strongly chirped signals, in which low frequencies are delayed. Correcting for the contributions of antennae and photomixers yields sharp peaks or "pulses" and thus facilitates a time-domain-like analysis of our continuous-wave data.
I. INTRODUCTION
Continuous-wave (cw) terahertz spectroscopy based on photomixing is able to cover a very broad frequency range from about 0.1 THz up to 5 THz. 1 For broadband spectroscopy, it is desirable that the photomixers in combination with the antennae provide a rather smooth spectrum without pronounced resonances, i.e., a nearly frequencyindependent radiation pattern and a nearly frequencyindependent radiation resistance. This can be achieved by using a self-complementary antenna such as the logspiral (or equiangular spiral) antenna, 2 which offers a large bandwidth in combination with a high terahertz efficiency and an excellent beam pattern. [3] [4] [5] However, the log-spiral antenna effectively radiates and receives terahertz waves from the frequency-dependent annular "active region"
6-8 with a circumference roughly equal to the wavelength λ. Therefore this antenna shows a pronounced frequency dependence of the group delay t gr (ν) = 1 2π
where ϕ an (ν) denotes the phase of the wave emitted at frequency ν. The group delay of the antenna corresponds to the traveling time of the photocurrent from the inner feed to the active region. This delay may vary strongly over the useable frequency range of the antenna. In our case, it varies by more than a factor of 10 between 0.1 THz and 1 THz. Accordingly, log-spiral antennae are not well suited for experiments in the time domain, as a log-spiral antenna fed with a narrow pulse emits a strongly chirped signal. In frequency-domain terahertz spectroscopy based on homodyne detection, we measure the phase difference ∆ϕ(ν) between transmitter arm and receiver arm, see below. The phase shift φ sam introduced by a given sample is determined by comparison with the data measured in a reference run without sample, φ sam (ν) = ∆ϕ with (ν) − ∆ϕ w/o (ν) .
In an ideal case, the group delay introduced by the antennae is identical in both terms on the right hand side, hence it does not contribute to φ sam (ν). Nevertheless, it is instructive to quantitatively understand the phase difference ∆ϕ w/o (ν) measured in the reference run, e.g., for a discussion of the uncertainty of the phase caused by a drift of the frequency, cf. Sec. VI. Moreover, a quantitative description of the reference phase allows for a correction of the frequency dependence of the group delay and thus facilitates a time-domain-like analysis of the cw data. To the best of our knowledge, the group delay of photomixers with log-spiral antennae working in the terahertz range has not been reported thus far. Here, we systematically discuss all contributions to the frequency dependence of the phase difference ∆ϕ(ν). We employ a simple model and obtain a quantitative description of the overall behavior of ∆ϕ(ν).
II. EXPERIMENTAL SETUP
A sketch of our experimental setup is given in Fig.  1 , for details we refer to Refs. [9] [10] [11] [12] . Continuous-wave terahertz radiation with frequency ν = |ν 2 − ν 1 | is generated and coherently detected by illuminating two photomixers, transmitter and receiver, with the optical beat of two near-infrared lasers with frequencies ν 1 and ν 2 . We use two laser diodes with slightly different wavelengths centered at about 780 nm, offering a maximum beat frequency of about 1.8 THz with a line width of about 5 MHz. The laser light is guided in a fiber array with two fiber-optical 50:50 splitters. The first splitter is used to superimpose the two laser beams, which are subsequently amplified in a tapered semiconductor amplifier. The second fiber-optical splitter separates the transmitter arm and the receiver arm.
In order to obtain information on both amplitude and phase, we employ fast phase modulation via two fiber stretchers 11 in the optical path before the photomixers, i.e., where both laser frequencies are superimposed. The two stretchers operate with opposite signs, thus changing the optical path-length difference
between the transmitter arm including the THz path with the total optical path length L Tx + L THz on the one side, and the receiver arm with the optical path length L Rx on the other side. The photomixers are based on ion-implanted GaAs and have been described in Ref. [13] . The photomixing area with dimensions of 9×9 µm 2 consists of an interdigitated metal-semiconductor-metal structure with eight fingers, see Fig. 2 . The metallization consists of a 10/200 nm thick Ti/Au layer. The patterned antennae are selfcomplementary log-periodic spirals with three turns. The spiral radius r(α) as a function of the angle α is described by r(α) = r min e aα (4) with the minimum radius r min ≈ 10 µm and growth rate a = 0.2. With three turns, the maximum radius amounts to r max ≈ 0.43 mm. The outer spiral antenna arms are bonded in order to bias the photomixer structure in the case of the transmitter, or to measure the DC photocurrent of the receiver.
Due to the large dielectric constant of ε(GaAs) = 12.8, the antenna radiates mainly into the substrate. For an efficient coupling to free space, each photomixer is mounted on a hyper-hemispherical lens made of high-resistivity Si. Terahertz radiation is emitted with a full opening angle of only 10
• at 100 GHz, 4
• at 350 GHz, and ≤ 2 • between 600 GHz and 1.2 THz.
11 For a short distance of L THz 30 cm between the two photomixers, this allows us to employ a face-to-face configuration without any further focussing optics.
III. RESULTS
Based on homodyne detection, the photocurrent I ph in the receiver is given by
where E THz denotes the amplitude of the incident terahertz electric field and ∆ϕ the phase difference between the optical signal and the terahertz signal at the receiver. Experimentally, ∆ϕ is determined only up to an offset m · 2π, where m is an integer number. However, to reveal the optical properties of a given sample we have to consider m with − m w/o , i.e., the difference between sample and reference run (cf. Eq. 2). By measuring over a broad frequency range and comparison with the model derived below, the ambiguity of m can be resolved. Representative data of ∆ϕ(ν) measured for different values of ∆L are depicted in Fig. 3 . These data sets were obtained in reference runs without any sample. The dominant behavior at high frequencies is linear in frequency. At low frequencies, we observe strong deviations from linearity, which is most obvious for small values of ∆L.
The frequency dependence of ∆ϕ(ν) is related to the group delay difference ∆t gr by ∆t gr = 1 2π
where ∆t gr (ν) describes the difference in traveling time between transmitter arm and receiver arm for a wave packet centered at ν. Let us first consider the most simple case without dispersion, i.e., a frequency-independent propagation velocity c in combination with a frequencyindependent optical path-length difference ∆L 0 without any further group delays. Then, ∆t gr (ν) = ∆L 0 /c is independent of frequency, giving rise to a linear behavior ∆ϕ ∝ ν. In the following, we systematically address all contributions to ∆ϕ(ν): (1) the fibers, (2) the photomixers including the antennae and the hyper-hemispherical Si lenses, and (3) the terahertz path L THz including, e.g., air with water vapor or standing waves between, e.g., the photomixers.
(1) Fibers: The refractive index n f of a fiber of length L f depends on the frequencies of the two near-infrared lasers. A terahertz frequency ν = ν 2 − ν 1 is selected by scanning the two laser frequencies symmetrically around the center frequency ν 0 = (ν 1 + ν 2 )/2, i.e., ν 2,1 = ν 0 ± ν/2. The phase of the optical beat is given by
We assume that the dispersion is linear around 780 nm, which indeed is the case for the fiber material SiO 2 with ∂n/∂ν = 4·10 −5 /THz. 15 We expand around the center frequency ν 0 ,
and find
(10) The term in parentheses is independent of frequency. Due to the fact that the two lasers are scanned in opposite directions, the linear frequency dependence of n f simply gives rise to a slight increase n f,eff /n f ≈ 1.01 of the frequency-independent effective fiber length n f,eff · L f relevant for the optical beat. The contribution of the fibers thus reads
where L Rx and L Tx include the effective frequencyindependent refractive index n f,eff of the fibers.
(2) Photomixers and antennae: We consider the following contributions: (i) coupling the optical beat into the photoactive area, (ii) the photoconductance, (iii) the photomixer impedance, (iv) the antenna, and (v) coupling to free space via a hyper-hemispherical Si lens.
(i) We utilize two identical photomixers. The effect of coupling the optical beat into the photoactive area is thus identical in the receiver arm and the transmitter arm. Hence it does not contribute to ∆ϕ.
(ii) The same applies to the photoconductance G, which depends on the terahertz frequency due to the finite carrier lifetime τ ≈ 0.5 ps. 13 This gives rise to a phase shift of ϕ G = arctan(2πντ ) in both receiver and transmitter. 16, 17 In the transmitter, the terahertz wave is delayed with respect to the optical beat, which effectively increases L Tx . However, the phase shift in the receiver effectively increases L Rx by the same amount. Therefore, the photoconductance does not contribute to ∆ϕ.
(iii) The total impedance of photomixer and antenna effectively is described by a characteristic time constant τ RC = R A C, where R A ≈ 73 Ω denotes the nearly frequency-independent antenna resistivity of the log-spiral antenna on a GaAs substrate, 5,13 and C ≈ 1.5 fF is the capacitance of the interdigitated electrode structure. 13 The time constant τ RC ≈ 0.1 ps gives rise to a phase shift of ϕ RC = arctan(2πντ RC ), again in both receiver and transmitter. However, this phase shift has to be attributed to the transmitter arm in both photomixers. Hence both terms add up and yield a contribution of
(iv) It is well known that ultra-wideband log-spiral antennae exhibit a strong dispersion and thus distort short pulses. 2, 7, 8, 18, 19 The antenna effectively radiates and receives terahertz waves in an annular "active region" with radius r ar , the size of which depends on frequency. Physically, the antenna predominantly radiates where the contributions from the two neighboring spiral arms interfere constructively, 6,18 see Sec. IV. In the limit of a vanishing or very small spiral growth rate a (cf. Eq. 4), a centerfed log-spiral antenna radiates where the circumference equals the wavelength, 2πr ar = λ. Comparing two waves at high and low frequencies, the low-frequency wave is delayed because it has to travel a longer path l(ν) in the antenna. 19 In time, the signal has to travel for
where t gr,an is the group delay of the antenna and n eff denotes the effective refractive index. With ε(GaAs) = 12.8, we use n eff = (12.8 + 1)/2 ≈ 2.6 for the guided mode at the GaAs-air interface. The path length in the spiral equals
The inner and outer truncations of the spiral define a minimum and maximum wavelength, respectively. With the radius r ar = λ/2π of the active region and r min = 10 µm we find ν max = c/(2πr min n eff ) ≈ 1.8 THz as well as ν min ≈ 40 GHz and
With Eq. 13 we integrate Eq. 1 from ν max to ν,
Moreover, we assume that the delay is identical upon emission and detection. In both cases, the delay effectively prolongs the transmitter arm, thus we have to add up the two contributions. This finally yields the contribution of the antenna characteristics to the phase difference ∆ϕ(ν) between the two arms,
where the offset ∆ϕ an (ν max ) is treated as a fit parameter.
(v) Standing waves within the hyper-hemispherical Si lenses give rise to a periodic modulation of ∆ϕ(ν).
20,21
This effect can be neglected for the discussion of the overall behavior of ∆ϕ(ν). However, these standing waves are important if one considers the derivative ∂∆ϕ/∂ν, see Sec. VI.
(3) Terahertz path: The terahertz path length L THz and the effective fiber lengths L Tx and L Rx constitute the optical path-length difference ∆L, contributing a term ∆L · 2πν c to ∆ϕ(ν), see Eqs. 3 and 11. Due to water vapor in the terahertz path and standing waves between, e.g., the photomixers, L THz effectively depends on the frequency ν. For the discussion of the overall behavior of ∆ϕ(ν), these effects are small compared to the contribution ∆ϕ an (ν) of the antenna. Therefore, we first consider a constant value of L THz and come back to these smaller effects below.
Having addressed all the different contributions, we derive a simple model for the overall behavior of ∆ϕ(ν) by taking into account the antenna contribution (cf. Eq. 17), the photomixer impedance (cf. Eq. 12), and a constant optical path-length difference ∆L 0 , For a quantitative comparison with the experimental results, we use the given values of the lifetime τ RC = R A C = 0.1 ps, the spiral growth rate a = 0.2, and ν max = 1.8 THz. For the radius r ar of the active region, we employ 2πr ar = λ (cf. Sec. IV), leaving only two free parameters, ∆L 0 and a constant offset denoted by ∆ϕ an (ν max ), cf. Eq. 17. Surprisingly, this simple model is in excellent agreement with our experimental data of ∆ϕ(ν), see Fig. 3 . If we view γ = λ/2πr ar as an additional fit parameter, we find γ = 0.997 and ∆ϕ an (ν max ) = 0.26π. In order to highlight the non-linear terms ∆ϕ an (ν) and ∆ϕ RC (ν), we compare ∆ϕ(ν) − ∆L 0 · 2πν/c with ∆ϕ an (ν) + ∆ϕ RC (ν) in Fig. 4 . The antenna contribution ∆ϕ an (ν) clearly dominates since it changes by roughly 6π between 100 GHz and 1 THz.
Finally, we define an effective, frequency-dependent optical path-length difference ∆L eff (ν) and a corrected phase difference ∆ϕ corr (ν) by subtracting the two dominant non-linear terms from ∆ϕ(ν),
The result is shown in Fig. 5 . The average of the effective optical path-length difference ∆L eff (ν) equals ∆L 0 , while the frequency dependence of ∆L eff (ν) and accordingly of ∆ϕ corr (ν) contains all deviations between the measured ∆ϕ(ν) and ∆ϕ mod (ν). Due to the excellent agreement between ∆ϕ(ν) and ∆ϕ mod (ν), the frequency dependence of ∆L eff (ν) highlights the smaller contributions that we have neglected thus far, i.e., the effective frequency dependence of L THz . We identify three main contributions: (a) Standing waves within the Si lenses give rise to a modulation of ∆L eff with a period of about 4.1 GHz, see inset of The absorption lines are very well resolved even for this comparably short path in air. Very roughly, the absorption line at 557 GHz is expected to cause a peak-to-peak change of about 2·10 −4 of the refractive index of air. 24 For L THz ≈ 22 cm, this corresponds to about 40 µm peak-to-peak, in rough agreement with our data.
IV. ACTIVE REGION
The antenna radiates most strongly from a region in which the two spiral arms radiate in phase, giving rise to constructive interference. 6, 18 For the radius r ar of the active region, we consider a spot with r ar = (r + + r − )/2 which is located between the two neighboring arms with radii r − and r + = r − · e aπ , respectively. There, the path length of the two neighboring arms differs by l(r + ) − l(r − ) = l(α + π) − l(α), cf. Eq. 14. The antenna is fed in a balanced way, thus the currents in the two arms are out-of-phase at ±r min . Constructive interference occurs if the path-length difference between the two arms equals λ/2, compensating for the initial phase shift of π. With Eqs. 4 and 14 we find
Neglecting r min ≈ 10 µm λ, the radius of the active region amounts to 
FIG. 6:
Fourier series E(t) of the data (black) measured up to 1.8 THz for ∆L ≈ −0.06 mm (cf. Fig. 3 ) and after correction (red), cf. Eq. 23. Data are offset for clarity. A frequency step width of 100 MHz yields E(t) with a period T ≈ 300 cm/c. Note the change of scale at 10 cm. Inset: Corrected data on a different scale. The feature which is shifted by 7.36 cm with respect to the main peak results from standing waves in the Si lenses, the peak at 43.1 cm corresponds to 2 · LTHz and is caused by standing waves between the two photomixers.
For a vanishing growth rate a → 0, this yields 2πr ar = λ. For a = 0.2, we find 2πr ar ≈ 1.01λ, in excellent agreement with our experimental result. A theoretical study of the radiated power density as a function of 2πr/λ has been reported in Ref. [22] for planar log-spiral antennae with different growth rates. For a ≈ 0.18 ≈ 1/ tan(80 • ), the power density shows a rather broad, asymmetric peak at about 2πr = λ/2 and decreases only slowly towards higher values of r. Integrating the contributions from 2πr = 0.2λ to 2λ yields a first moment of about 0.9λ, in fair agreement with our results.
V. QUASI-TIME-DOMAIN ANALYSIS
Knowing amplitude E THz (ν) and phase difference ∆ϕ(ν) for the discrete set of frequency points of a certain measurement, one can easily calculate the Fourier series as a function of the time t,
an approach which has been called quasi-time-domain analysis. 25 The Fourier series is equivalent to an interferogram or to the waveform in a time-domain terahertz experiment, where all frequencies are measured simultaneously.
In the Fourier series, the main peak is expected at t = ∆L/c. The measured data of E(t) (black line in Fig. 6 ) do not show well-defined peak positions, but are strongly asymmetric around any peak. This is the typical shape of a down-chirp signal, in which the higher frequencies arrive first, reflecting the strongly frequencydependent group delay introduced by the antenna. However, using the corrected phase difference ∆ϕ corr (ν) (cf. Eq. 20) in the Fourier series (23) removes the strong down-chirp and yields a pronounced "pulse" at the expected position (red line in Fig. 6 ). The remaining peak width reflects the finite bandwidth of the experiment and in particular the strong decrease of the amplitude with increasing frequency. The corrected data also show a clear feature shifted by 7.36 cm with respect to the main peak, which is equivalent to a period of 4.07 GHz. This feature reflects the periodic modulations shown in the inset of Fig. 5, i. e., standing waves in the Si lenses. Peaks at t · c = ±1.1 cm are due to standing waves in the tapered amplifier. These occur before the optical path is split into two arms and thus do not contribute to ∆ϕ, i.e., they are only observed in the amplitude. The feature at 43.1 cm reflects standing waves between the two photomixers with L THz ≈ 22 cm. We also observe an overtone at about 86 cm. Using the corrected data clearly facilitates the detection and precise determination of such features in the Fourier series.
VI. GROUP DELAY AND UNCERTAINTY OF THE PHASE
The uncertainty δϕ of the measured phase difference ∆ϕ(ν) depends on the experimental uncertainties of ∆L and ν,
In our setup, the optical path-length difference is typically stable to within δL = ±5 µm. 11 The line width of the beat signal of the two widely tunable lasers amounts to about 5 MHz, while a long-term frequency stability of better than 20 MHz over 24 h was observed. 9 On the time scale of less than 1 h, the frequency stability is better than δν = 5 MHz. The quantitative understanding of ∆ϕ(ν) achieved in the previous sections allows us to discuss the importance of the different contributions to the group delay difference ∆t gr ∝ ∂∆ϕ/∂ν, i.e., to the first term on the right hand side. We consider (cf. Eq. 20)
(25) For the first two terms we find The term ∆L eff · 2π/c dominates for large values of ∆L but can be suppressed by choosing a small ∆L. For instance, it amounts to about 0.2/GHz for ∆L = 1 cm. The data shown in Fig. 7 was measured with ∆L ≈ −0.006 cm (cf. Fig. 5 ), thus the third term in Eq. 25 can be neglected. The comparison with experimental data in Fig.  7 shows that the first two terms can equally be neglected. Although the contributions of ∆ϕ an and ∆ϕ RC dominate the overall behavior of ∆ϕ(ν), they are both negligible with respect to the derivative ∂∆ϕ/∂ν. This derivative is dominated by the remaining term ∝ ∂∆L eff /∂ν, i.e., by the contribution of standing waves within the Si lenses and between the two photomixers. Empirically, we find that the envelope of ∂∆ϕ/∂ν is roughly described by f (ν) = ±500/ν for ∆L ≈ −0.06 mm and L THz ≈ 22 cm, see bottom panel of Fig. 7 . In order to compare the effects of frequency uncertainty versus length drift, we consider
With δν = 5 MHz and the experimental result for the envelope of ±500/ν, the first term roughly yields 0.12 µm · (THz/ν) 2 , which amounts to 3 µm at 200 GHz or 0.75 µm at 400 GHz, see middle panel of Fig. 7 . The typical length drift observed in our setup equals ± 5 µm. 11 We conclude that for δL = ±5 µm, ∆L 1 cm, and frequencies above about 200 GHz, the uncertainty δϕ/ν mainly depends on the drift of the optical path-length difference, in agreement with the experimental results discussed in Ref. [11] .
VII. CONCLUSIONS
We investigated the phase difference ∆ϕ(ν) between transmitter arm and receiver arm in cw terahertz spectroscopy based on photomixers with ultra-wideband logspiral antennae. We find that ∆ϕ(ν) and the group delay difference ∆t gr ∝ ∂∆ϕ/∂ν are dominated by different terms. The overall behavior of ∆ϕ(ν) is quantitatively described by taking into account three different contributions. The optical path-length difference gives rise to a term linear in frequency, while the radiation characteristics of the log-spiral antennae and the photomixer impedance cause deviations from this linear behavior. The contribution ∆ϕ an (ν) of the log-spiral antennae is very well described by a simple model which assumes that the antennae effectively radiate and receive in an active region in which the circumference equals λ. Correcting for the group delay of the antennae and photomixers strongly facilitates an analysis of the Fourier-transformed spectra. In contrast to ∆ϕ(ν), the derivative ∂∆ϕ/∂ν is dominated by the contribution of standing waves, i.e., periodic modulations of ∆ϕ(ν). In combination with a finite frequency error, these standing waves may affect the experimental uncertainty δϕ, but typically their contribution can be neglected in comparison to the effect of a drift of the optical path-length difference. Nevertheless it is advisable to suppress standing waves with a small modulation period, in particular for measurements at low frequencies.
